Introduction.
This paper is concerned with the existence and uniqueness of solutions of initial value problems for systems of ordinary differential equations under various monotonicity conditions.
Let
(1.1) y' =f(x, y), y(x0) = y0.
Here x is a real scalar, y, y0 and/ are real w-vectors, and/ is defined in a region B determined by the inequalities (1.2) xo ^ x ^ xo + a, \\y -y0\\ ^ b (a > 0, b > 0), where ||y|| is any norm. For two vectors y = (yk) and z= (zk) define y^z (y<z) if, and only if, yk^zk (yk<zk), k = l, ■ ■ ■ , n. We say f(x, y) = (fk(x, y)) is nondecreasing in x iif(x, y) ^/(x\ y) whenever (x, y) and (x', y) are in B and x<x', and/(x, y) is nondecreasing in y iif(x, y) ^/(x, z) whenever (x, y) and (x, z) are in B and y^z, while/(x, y) is quasi-nondecreasing in y if for each k = l, ■ ■ • n, fk(x, y)^fk(x, z) whenever y^z and yk=zk. Finally, we say y(x) is a strictly increasing function of x ii y(x)<y(x') whenever x<x'. In §2 the existence to the right of x = Xo of a solution in the extended sense of (1.1) is proved under the assumptions/(x, y) ^0 and/(x, y) is nondecreasing in both x and y. Then it is shown that (1.1) has at most one solution to the right of x=Xo under the assumptions that f(x, y) is nondecreasing in x and quasi-nondecreasing in y and satisfies an additional condition which prevents any component of a solution from remaining constant.
§3 is devoted to examples illustrating the necessity of some of the hypotheses in the existence and uniqueness theorems.
The Since go(x) ggi(x) g • • • and ||g8(x)|| ^||yo|| +b for each s, it follows that G(x) =lim8^.00 gs(x) exists and is nondecreasing
) and \\f(x, G(x))\\^M, so it follows from the Lebesgue monotone convergence theorem that
By/(/, G(t)-0) we mean the limit of f(t, y) as y increases to G(t) in i?', where it is understood that, with G(t) = (Gk(t)), for each k = l, ■ ■ ■ , n if Gk(t) is greater than the &th component of yoi then the fcth component of y increases strictly to Gk(t), while if Gk(t) equals the £th component of y0, then the &th component of y is kept equal to Gk(t).
It remains to show that
each Gk(x) is absolutely continuous and therefore G'(x) =f(x, G(x)-0) a.e., so it suffices to show/(x, G(x) -0) =f(x, G(x)) a.e. Suppose this is not the case. Let H(x) = (Hk(x)) =f(x, G(x)-0), F(x) = (Fk(x))=f(x, G(x)). Clearly H(x)^F(x), so, since H(x) and ^(x) are continuous a.e., being monotone, there is an Xo, 0<x0<o, such that H(x) and ^(x) are continuous at x = x0 and at least one component of H(x) is strictly less than the corresponding component of F(x) at x0, say Hk(x0) <Fk(x0). By continuity it follows that Hk(x) < Fk(x0) immediately to the right of x0. For each k, Gk(x) is strictly increasing unless Gk(t) equals identically the &th component Since each component of y(x) and z(x) is strictly increasing and absolutely continuous, it follows that each vk(x) is strictly increasing and absolutely continuous, vk(xo) =x0 and vk (x) exists almost everywhere on [xo, Xo+rf]. Thus on this interval (2.1) yk'(x) = zk (vk(x))vk (x) a.e., k = 1, • ■ ■ n.
Noting that vk(xx)<Xx if y*(xi) <z*(xi), it follows that there exists x', x0<x'<Xx, and an integer j, l^j^n, such that Vj(x')<x', Vj(x') vk(x'), k = l, ■ ■ ■ , n, and vj(x'), yj (x') and zj (vj(x')) exist. Using (2.1) and conditions (a) and (b), 0 < yj(x') =/,(»,(*'), tiM*)), ■ ■ ■ , s"fe(x'))K(*') Sfj(x', zx(vx(x')), • • • , ZjMx')), ■ ■■ , zn(vH(x')))vj (x') = yj(x')v!(x').
Hence vj(x')^l. Then the initial value problem (2.2) has a unique solution in R.
Proof. The Wronskian system equivalent to (2.2) is In this example there is no minimal solution. Here f(x, 0) = 1 for x = 0 and f(x, y) is nondecreasing in x but not nondecreasing in y. This shows that in Corollary 2.3 the condition "f(x, y) is nondecreasing in y" cannot be relaxed to the condition "/(x, y) is quasi-nondecreasing in y."
